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A Stochastic Model of Leukocyte Rolling

Yihua Zhao, Shu Chien, and Richard Skalak
Department of Bioengineering, University of California, San Diego, La Jolla, California 92093 USA

ABSTRACT Selectin-mediated leukocyte rolling under flow is an important process in leukocyte recruitment during inflam-
mation. The rolling motion of individual cells has been observed to fluctuate randomly both in vivo and in vitro. This paper
presents a stochastic model of the micromechanics of cell rolling and provides an analytical method of treating experimental
data. For a homogeneous cell population, the velocity distribution is obtained in an analytical form, which is in good
agreement with experimentally determined velocity histograms obtained previously. For a heterogeneous cell population, the
model provides a simple, analytical method of separating the contributions of temporal fluctuations and population hetero-
geneity to the variance of measured rolling velocities. The model also links the mean and variance of rolling velocities to the
molecular events underlying the observed cellular motion, allowing characterization of the distribution and release rate of the
clusters of molecular bonds that tether the cell to substratum. Applying the model to the analysis of data obtained for
neutrophils rolling on an E-selectin-coated surface at a wall shear stress of 1.2 dyn/cm? yields estimations of the average
distance between bond clusters (~0.5 um) and the average time duration of a bond cluster resisting the applied fluid force

(~0.5 s).

INTRODUCTION

Adhesive interaction between leukocytes and the endothe-
lial lining of blood vessels is a hallmark of acute inflam-
mation, both as a physiological response to tissue injury and
infection, and as a pathological condition such as found in
myocardial infarction, acute lung failure, and vasculitis. In
a rare hereditary disease called leukocyte adhesion defi-
ciency (LAD), the congenital absence or defect of certain
types of adhesion molecules on neutrophil surfaces reduces
neutrophil adhesion and chemotaxis and thus results in
inadequate host defense (von Andrian et al., 1993; Harlan,
1993; Etzioni et al., 1993). On the other hand, antiadhesion
has become the central idea in many efforts to develop new
drugs treating inflammatory diseases (Welply et al., 1994).

The adhesive interaction between leukocytes and endo-
thelial cells occurs in the face of the dislodging hemody-
namic forces exerted on the adhering leukocytes by the
blood flow. The initial step of interaction with the endothe-
lium during inflammatory response occurs when leukocytes
roll along the stimulated endothelial cells in postcapillary
venules (Fiebig et al., 1991; von Andrian et al., 1991; Ley,
1993). This rolling is mediated by adhesion molecules be-
longing to the selectin family (von Andrian et al., 1991;
Ley, 1993; McEver, 1994). During rolling, the leukocytes
may also be stimulated, and consequently another family of
cell adhesion molecules, the integrins, is activated on the
leukocyte surface. The integrins mediate the firm adhesion
and spreading of the leukocytes onto the endothelium, fol-
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lowed by their extravasation into the infected tissues
(Lorant et al., 1993). The findings that rolling and firm
adhesion are mediated by cell adhesion molecules from
different families have generated intensive research inter-
ests in recent years, including investigation of the physical
and chemical factors that enable selectins to arrest fast-
moving leukocytes and produce the rolling process.
Selectins have been extensively investigated since their
identification in the 1980s. L-, E-, and P-selectins are mo-
nomeric linear transmembrane glycoproteins, closely re-
lated to each other in primary structure. Each of them
contains an N-terminal domain, which is related to those in
Ca®*-dependent lectins and is directly involved in cell-cell
adhesion by interacting with cell surface carbohydrate
ligands. L-selectin is constitutively presented on the leuko-
cyte surface; E-selectin is induced on cytokine-stimulated
endothelial cells; and P-selectin is expressed by thrombin-
or histamine-stimulated endothelial cells and platelets (for
reviews, see Springer, 1990; Lasky, 1992; Bevilacqua and
Nelson, 1993; McEver, 1994).

Leukocyte rolling can be observed in vivo by intravital
microscopy and in vitro in flow chambers, in which isolated
leukocytes are rolling on either monolayers of cultured
endothelial cells or surfaces coated with selectin or other
molecules. The velocities of rolling cells are usually orders
of magnitude slower than the velocities of nonadherent cells
freely moving close to the substratum surface, indicating
adhesive interaction between the rolling cells and the sub-
stratum (Lawrence and Springer, 1991; Ley, 1993). It has
been shown that both P- and E-selectins can mediate neu-
trophil rolling (Lawrence and Springer, 1991, 1993; Jones et
al., 1993; Abbassi et al., 1993), but the resulting rolling
behaviors are somewhat different. Under comparable exper-
imental conditions, the velocity of neutrophil rolling on
E-selectin is slower. Furthermore, there is a difference in the
dependence of average rolling velocities on wall shear
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stress. For P-selectin, the velocity increases with increasing
wall shear stress (from <1 to 8 dyn/cm”) (Lawrence and
Springer, 1991; Jones et al., 1993), but for E-selectin the
velocity appears to reach a plateau level, which is a function
of E-selectin density (Lawrence and Springer, 1993).

The motion of leukocyte rolling has been observed to
have some stochastic or random features both in vivo
(Schmid-Schonbein et al., 1987) and in vitro (Goetz et al.,
1994). The irregular motion has been referred to as saltation
(Lipowsky et al., 1991), a term suggesting a stop-and-go
pattern of the leukocyte motion. Variation of the rolling
velocities of individual cells in time has also been men-
tioned for experiments in which the leukocytes roll on a flat
surface bearing a uniform layer of ligands, either P- or
E-selectins (Lawrence and Springer, 1991; 1993). This sug-
gests that the fluctuation in rolling velocities is a reflection
of the stochastic nature of the adhesive interaction. Neutro-
phils have microvilli that are not distributed uniformly, and
their spacing has a certain degree of randomness. In un-
stimulated neutrophils, L-selectin is concentrated at the tips
of microvilli (Picker et al., 1991; Erlandsen et al., 1993;
Borregaard et al, 1994) and may present carbohydrate
ligands to P- and E-selectins (Picker et al., 1991; Lawrence
and Springer, 1993). It has been found that “neutrophil
rolling was much steadier on E-selectin than on P-selectin,
i.e., there was less variance over time in the velocity of
individual cells” (Lawrence and Springer, 1993). Thus, as
pointed out by Goetz et al. (1994), the dynamics of leuko-
cyte rolling is not fully characterized by measurements of
the average velocity alone.

Hammer and Apte (1992) developed a numerical method
that simulates the interaction of a single cell with a ligand-
coated surface under flow. The simulation generates statis-
tical fluctuations in cellular motion by taking account of the
statistical fluctuations in the spacing and numbers of bind-
ing molecules. They found that the mode of cellular motion
is critically modulated by the constitutive relationship be-
tween the stretch of a bond and its rate of breakage. A
limitation of this approach, as pointed out by the authors, is
that the simulations are too lengthy to rapidly obtain infor-
mation about the adhesive behavior of an ensemble of cells.

Tozeren and Ley (1992) introduced a quantitative bio-
physical model of leukocyte rolling. Their computational
experiments indicate that selectins mediate leukocyte roll-
ing with a mechanism in which the bond formation rate is
high and the detachment rate is low, except at the rear of the
contact area, where the stretched bonds detach at a uniform,
high rate. Their model is deterministic, so only mean rolling
velocities are derived and fluctuations of the rolling veloc-
ities are not treated.

The aims of the present paper are to develop a stochastic
model for the random motion of rolling cells, to elucidate
the micromechanics of leukocyte rolling, and to develop a
simple, analytical method of extracting information from
experimental data relevant to the molecular events under-
lying the cellular motion. Such information is buried in the
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variation of rolling velocities from time to time and from
cell to cell, as well as in the average velocity.

GENERAL CONSIDERATIONS

In experiments on leukocytes viewed by light microscopy, it
is regularly observed that rolling cells move in a stop-
and-go pattern. This pattern of motion suggests an approx-
imation of the displacemert of the cell center as a stepwise
function of time by a series of rapid steps in between which
the cell velocity is zero. This is shown schematically in Fig.
2, where x is the instantaneous position of the cell centroid
measured along the direction of the flow. This stepping
phenomenon is a reflection of the molecular patchiness and
the discrete nature of the adhesive interaction as described
in the following micromechanical analysis of the rolling
process.

As pointed out by Hammer and Apte (1992), only the
adhesion molecules located on the tips of microvilli are
accessible to their ligands (Fig. 1). Thus, the effective
molecular bonds are clustered on the tips of microvilli. A
step displacement occurs when the bonds on the rearmost
microvillus are released. Between such events, the cell is
essentially at rest and the remaining bonds must provide
forces and torques that balance the hydrodynamic stresses
exerted on a stationary cell by the imposed viscous flow. At
the moment of release of one cluster of molecular bonds, the
forces and torques of the adhesive interaction go through
decremental changes. The hydrodynamic stresses acting on
the cell surface then drive the cell forward rapidly to a new
position, where a balance between the adhesive and hydro-
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FIGURE 1 A schematic of the model for a rolling leukocyte. The cell is
tethered to the substratum by receptor-ligand bonds, which are clustered at
the tips of microvilli. The fluid drag on the cell stretches the bonds at the
rearmost microvillus, thus increasing their effective dissociation rate k.
When the rearmost microvillus is released, the cell is driven forward
rapidly by the fluid flow to a new position, with a random stepsize
determined by the microvilli spacing, receptor and ligand distributions, and
their association rate k,, at the leading edge of the contact zone. The
random time interval between successive steps (waiting time) relates to the
number and the dissociation rate of the stressed bonds at the rearmost
microvillus as well as the applied stresses.
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dynamic stresses on a stationary cell is reestablished. The
resulting displacement h (step size) is a random variable
determined mainly by the spacing of microvilli and by the
distributions of adhesion molecules on the individual mi-
crovilli and the ligands on the substratum surface. The time
duration of this displacement is

h

’
Viree

M

t1~

where vg,, is the velocity of a free-flowing, nonadherent
leukocyte. Let t, be the time interval between two succes-
sive events of the release of bond clusters. Then,

h

@

t2 vrolling’
where v gyj;ng is the long-term average of the velocity of a
rolling cell. Both ¢, and ¢, are considered to be random
variables, as is the step size A. The physical origins of these
random variables are shown schematically in Fig. 2. Denote
the averages of ¢, and ¢, as T, and T,, respectively. Then 7,
is the average duration of a nonzero velocity period, and 7,
is the average waiting time at zero velocity. These are the
two characteristic intrinsic time scales that play important
roles in the mechanics of cell rolling. From Eqs. 1 and 2, it
follows that
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Experimental data show (Viing/Veee) << 1. Therefore,
T; << 7. This characterizes the cell motion in a stop-and-go
pattern. Of course, when the step size h and/or the waiting
time 7, are physically very small, detecting such a pattern
may require temporal-spatial resolutions that are beyond the
usual equipment limits. But, whenever 7, << 7,, the micro-
scopic picture of cell rolling can be idealized as being
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FIGURE 2 A schematic showing the idealized trajectory of a rolling cell.
The cell position x is approximately a stepwise function of time, with
random stepsize s and waiting time #,. The time duration of stepping ¢, is
much shorter than ¢#,. Rolling velocity is computed from the displacement
Ax over a time window Ar, which is greater than 1,
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composed of random jumps whether we can readily mea-
sure the individual steps directly or not.

Monomeric soluble P-selectin binds to ~25,000 sites/
neutrophil (Ushiyama et al., 1993). Assuming that these
binding sites are concentrated on the tips of microvilli and
that there are 6,000 microvilli/cell (Hammer and Apte,
1992), the average number of binding sites per microvillus
is ~4. At high surface density of P-selectin or other adhe-
sion molecules on the substratum, it is expected that there
are usually more than one cluster of bonds tethering the cell
to the substratum. However, because of the fact that the line
of application of the resultant hydrodynamic force is above
the cell-substratum interface (by ~1.4 cell radius), the
bonds in the rearmost cluster are subject to tensile stresses.
The tensile stresses on these bonds are expected to acceler-
ate their dissociation rate. When the rearmost cluster of
bonds is released under the influence of the hydrodynamic
force, the remaining bond clusters will still tether the cell to
the substratum. This prevents the cell from sliding. The cell
rolls until the bonds in the rearmost remaining clusters are
stretched and develop tensile stresses great enough to bal-
ance the hydrodynamic stresses. The motion of the cell is
then rolling in small steps without sliding. This model is
consistent with the reports of experimental observation that
cells roll rather than slide both in vivo (Tézeren and Ley,
1992) and in vitro (Lawrence and Springer, 1991).

The waiting time ¢, is determined by the dissociation rate
(and the number) of the mechanically stressed bonds in the
rearmost clusters. If every cluster contains only a single
bond (which can be a good approximation when the surface
density of ligands on the substratum is low), #, is precisely
the lifetime of a stressed bond. If it is further assumed that
the receptor-ligand bonds have a first order dissociation
kinetics, the inverse of the average waiting time will give us
the dissociation rate constant, i.e., k. = 1/7,. This points to
a way to experimentally determine k.4 of the adhesion
bonds involved in cell rolling as a function of the mechan-
ical force applied to the bonds, provided that there is a
method to estimate 7, from the data of cell rolling, which is
presented in this paper. For the cases of multiple-bond
clusters, k¢ and 1/7, are functions of the applied forces on
the bonds, but the precise relationship will be more
complicated.

The step size k provides information about the spatial
distribution of adhesion receptors and ligands. When the
surface density of ligands on substratum is high and homo-
geneous, & indicates the spatial distribution of the clusters of
adhesion receptors on the cell surface, i.e., essentially the
microvilli spacing.

The hypothesis that at a microscopic level a rolling cell
moves at a stop-and-go pattern allows us to define the
waiting time ¢, and step size & as the intermediate variables
linking the observable quantities at the cellular level to the
underlying events at the molecular scale. The question
treated herein is how to estimate ¢, and A from the measured
distribution of cellular rolling velocities.
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STOCHASTIC MODEL OF CELL ROLLING FOR A
HOMOGENEOUS POPULATION

Here we consider a homogeneous population of leukocytes
as an ensemble of identical cells. The stationary distribution
of rolling velocities is considered for such an ensemble, and
the parameters in the distribution function are related to the
underlying molecular events. This is done based on the
observation that the instantaneous displacement of a given
cell is a stepping process with random jumps at random
times (Fig. 2). Smoothing this stepping process by taking
the moving average of the process over a time window A¢
(At => 7,) makes it possible to model the cell velocity as a
diffusion process; i.e., the evolution of the cell velocity is
governed by a Fokker-Planck equation. The drift and dif-
fusion coefficients in the Fokker-Planck equation are de-
rived from the nonsmoothed stepping process of cell dis-
placement and expressed in terms of the step size and
waiting time of this stepping process. Integrating the sta-
tionary Fokker-Planck equation yields the theoretical distri-
bution of velocity as a function of the step size h and
waiting time 7, intrinsic to the rolling process, as well as the
time window Az chosen by the experimenter to analyze the
process.

Fokker-Planck equation for the evolution of
velocity distribution

The choice of the time window At is influenced by various
experimental conditions such as the temporal-spatial reso-
lutions of the equipment, the average velocity of the rolling
cells, and the convenience of data acquisition and analysis.
The usual values of Ar range from 1 to 20 s, which are
generally greater than 7, and thus much greater than 7,. It is
clear that the experimentally determined velocity cannot be
considered to be the instantaneous velocity of the cell. In
accordance with the usual experimental method, we define
the cell velocity as

x(t + Y2Ar) — x(t — VoAr)
v : “

v(t) =

which can be shown to be the moving average of the
instantaneous velocity dx/dt. In Eq. 4 x(r) is the instanta-
neous position of the cell at time ¢.

It can be seen that v(f) given by Eq. 4 is also a stepping
process. When At/7, is large enough, the individual jumps
of v(r) are small and v(f) is approximately continuous. In
such a case, the stochastic process v(f) can be modeled as a
diffusion process, i.e., the evolution of the velocity distri-
bution obeys a Fokker-Planck equation

ap(v,t)
ar
(%)
d 1 8?
—5;[A0) P, 0]+ 55 [BO) p(v, )],
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where p(v, 7) is the probability density of the moving-aver-
aged velocity v at time ¢, and A and B are the drift and
diffusion coefficients, respectively.

In the following, ( ) always denotes ensemble average.
The drift coefficient in Eq. 5 is the derivative of the first
transition moment of the random process v:

V' =)

A(v) = lim ﬁ

t'—t

, (©)

where v’ is a realization of the random process at time ¢ >
t, given the condition that the realization of the process at
time ¢ is v. Substituting the velocity definition Eq. 4 into Eq.
6 and rearranging, the resultant equation yields

(x(t' + %2Ar) — x(t + 2A1))
— {x(t' — VAL — x(t — VLAL))
(t' — t)Ar ) @

A(v) = lim

t'—st

Note that the quantities under the two ensemble-average
operators are the cell displacements over time duration &t =
t' — t at the two end moments of the time window Ar.

Let the mean and variance of the step size of jumps h
(ensemble averages) be, respectively,

h=(h),  of=(h—h)P. (8)

When 6t << ¢,, we have

5t) — —<h-[8t F) ]> 9
(x@+8t)—x@) = @+o( 3N A )]

where it is assumed that the probability of a jump during 6t
is [8t/t,)] + o(61). Now, consider (t,), the ensemble average
of the time interval between successive jumps. If no condi-
tion is imposed, (r,) is simply the waiting time 7, defined
previously. However, when 6t is a part of time interval [¢ —
At/2, t + At/2] and the moving-averaged velocity v at time
t is specified, we have (t,) = h/v.

In Eq. 7, the first ensemble average is not conditioned,
whereas the second ensemble average is conditioned with
the specification of v at time ¢. Calculating the right-hand
side of Eq. 7 according to the above discussion yields

A =" ;tv), (10)
where
__h
v = ;2, (11)

which, with the use of ergodic assumption, can be shown to
be the stationary ensemble average of the rolling velocities.

The diffusion coefficient B in Eq. 5 quantifies the rate of
the dispersion of rolling velocities in the v-space due to the
random fluctuation in the velocity of individual cells. It can
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be computed from the second transition moment of the
random process v:

(' = v))

B(v) = lim p——

t'—t

(12)

where v' is again the cell velocity at time ¢ > ¢, given the
condition that the cell velocity at time ¢ is v. Using Eq. 4,
this diffusion coefficient can be found to be

{lx (¢ + 2Ar) — x(t + 12A?)]

— [x(t' — vaAr) — x(t — V2Ar)]}?
(& — 1)(Ar)?

B(v) =lim

-1

where, as in Eq. 7, the two square brackets are the cell

displacements over the time duration 8t = ¢’ — ¢ at the two

end moments of the time window Ar. When &t << 1, < Ay,

we expect that the two square brackets are statistically
independent. Then,

{x(' + LAt) — x(t + LA)P)
+ ([x (' — VsAL) — x(t — l/zAt)]Z)

B(v) = t—t

(ar)? lim

] (13)

As in Eq. 7, the second ensemble average is conditioned
with a known velocity v (averaged over Af). The first
ensemble average, however, needs further examination. Be-
cause the diffusion coefficient is a measure for the rate of
the velocity dispersion due to random fluctuations, all of the
systematic bias must be excluded in computing the second
transition moment of the velocity using Eq. 13. As demon-
strated in the derivation of the drift coefficient Eq. 10, the
relaxation of the constrictive condition imposed on the
velocity is the systematic bias from which the drift term in
Eq. 5 arises. Therefore, to exclude the systematic bias, we
need to keep the first ensemble average in Eq. 13 condi-
tioned with the known velocity v (average over Ar). Then
the two ensemble averages in Eq. 13 are equal. With an
approach similar to the one used in deriving the drift coef-
ficient Eq. 10, we obtain from Eq. 13

2 2% (.
nary VT @\l

The proportionality of the diffusion coefficient B to the
rolling velocity v reflects the fact that the faster a cell
moves, the more frequently its microvilli adhere and
debond. Inserting Egs. 10 and 14 into Eq. 5 and multiplying
the two sides by At result in

B(v) = ) . V. (14)

op(v, t)
at ) (15)

2= ) p 0]+ 5, [Z,( 2 )vp(v, t)]

At

This is the Fokker-Planck equation that governs the time
evolution of the velocity distribution p(v, ), with the drift
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and diffusion coefficients given in terms of the variables ,
o2, and 7,. It is anticipated that 7, will be inversely related
to the dissociation rate of molecular bonds under stress.

Boundary conditions for the Fokker-Planck
equation

A flux of probability flow can be defined in the v-space

J(v, 1) 16)

v—¥v ol h o’
=—x PO - [(A,)z( )vp(v, t)]

This is similar to probability flux in statistical gas dynamics
theory considering particle velocities and other physical
cases. The Fokker-Planck equation (Eq. 15) states the con-
servation of probability mass, i.e., the time derivative of the
probability density p(v, f) equals the negative divergence of
the probability flux J(v, 7).

The velocity of a rolling cell is restricted (i.e., v = 0)
because of the imposed shear flow. Inserting Eq. 11 into Eq.
16 and evaluating the probability flux at the boundary v =
0 yields J(0, ©) = 0, provided that Az = 7(1 + o/h?),
which is a requirement consistent with the condition on the
window size At for the moving averaging introduced at the
beginning and is necessary for the time-averaged velocity
v(f) to be smooth enough to be appropriately described as a
diffusion process. The inequality J(0, £} = O indicates that
the probability flow is carried into the region of positive
velocity through the boundary v = 0. Because for cell
rolling there is no source of probability to the left of v = 0,
the probability flow must vanish at this boundary, i.c.,

J©0,1)=0 (17)

This states that there is a natural reflecting boundary at
v=0.

Let v,, denote the upper boundary for the rolling veloci-
ties. Assuming that there is no source of probability intro-
duced by external agents within the region (0, v,,), the
probability flow at the boundary v = v, must vanish also
because the total probability mass is conserved. This second
boundary condition can be replaced by, and is equivalent to,
the normalization condition on p(v, ), i.e., the integral of
p(v, ) with respect to v over [0, v,,] must be unity. The value
of v,, may be prescribed by physical reasoning. But for cell
rolling such a prescription is subject to ambiguity. Hence,
for the model to be appropriate, the dependence of its
solution on the numerical value of v, should be vanishingly
weak to ensure the stability of the solution with respect to
the disturbance in boundary conditions. It is expected that
most probability mass is concentrated around the mean,
which is far away from the upper bound of the possible
rolling velocities v,,,. Furthermore, the effect of v, on the
velocity distribution from the model is restricted to its
appearance in the normalization of p(v, t) as the upper limit
of integration. Therefore, v, can be set equal to infinity.
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This will be justified by posterior demonstration that the
probability mass in the long tail is negligibly small in
comparison with unity. This posterior justification is also a
demonstration of the stability of the solution.

To summarize, the evolution of the distribution of the
rolling velocity v ranging from zero to infinity can be
described by the Fokker-Planck equation (Eq. 15) with the
boundary condition Eq. 17 and, from the definition, the
normalization condition. With any appropriately prescribed
initial condition, this gives a complete mathematical formu-
lation of the stochastic rolling process and its transient
evolution.

Stationary distribution of rolling velocity

In a stationary state, the left-hand side of Eq. 15 vanishes.
Integrating it twice with respect to v and using the boundary
condition Eq. 17 yield the stationary distribution of velocity p;.

1
P =g ool g 09

where I'(a) is the gamma function and, with the use of Eq.

11,
At o\! h 02
a=_{1+23) . B=g\l+zm) @

The coefficient in Eq. 18 has been adjusted to normalize p;.
Eq. 18 is called a gamma dlstrlbutlon The mean of this
distribution is

(20)

as given in Eq. 11, and the variance is

’= = 2—221+0§ . 21

a=(=ap={1+=) 5. @)

Note that the mean velocity is independent of At, whereas

the variance of moving-averaged cell velocity is inversely

proportional to Ar. These facts are useful in interpreting
experimental data.

VELOCITY VARIATION DUE TO THE
HETEROGENEITY AMONG CELLS

The stochastic model of cell rolling developed above is for
an ensemble of identical cells; the variation of cell velocities
in such a homogeneous population is due to the temporal
fluctuation of velocities of each cell as a function of time,
rather than the heterogeneity among cells.

In reality, however, the variation in the experimentally
measured rolling velocities is the consequence of both the
temporal fluctuation of the velocity of any particular cell
and the heterogeneity among cells. Therefore, to extract a
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maximum of information from the experimentally deter-
mined rolling velocities, we need to separate the contribu-
tions of the temporal fluctuations and the cell heterogeneity.

Note that the magnitude of temporal fluctuation within a
homogeneous population of cells is a function of the time
window At, as indicated in Eq. 21, whereas the heteroge-
neity of the cell population is a concept that is independent
of Ar. To formulate these ideas quantitatively, the rolling
velocity of a given cell in a stationary state is expressed as

v,=v;,+ 7, (22)

where the subscript i is the index of the cell, the overbar
indicates long-term time average, and the tilde indicates
temporal fluctuation. The population average of rolling ve-
locities is defined as

<
[l
2=

™M=z

Vis (23)

i=1

where N is the population size. Since the population average
defined here is compatible with the v defined for a homo-
geneous population in the previous section, the same nota-
tion is used in the two cases. The heterogeneity of the
population can be measured by the variance of the time-
averaged velocities

1
N ;

||Mz

(V.- -, 24

ol =

where the subscript cc signifies cell-cell variation. It can be
shown that ¥, is not dependent on the choice of time window
At. Hence, according to Egs. 23 and 24 both ¥ and o2, are
independent of At, as they should be.

Constructing an imaginary ensemble I consisting of
members that are exact copies of the particular cell i, and
assuming ergodicity for the stationary rolling process of
cells in the ensemble I, we have

Vi = (s x=0

in which ( ); denotes the average value obtained over the
ensemble /. The stochastic model developed in the previous
section is applicable to the ensemble /. In particular, from
Eq. 21, we have

(25a,b)

(R m 1
2= 2 — ) e —
g =(v; = W)= 7 )l( 1+ (h)? ) At (26)
where o7 is the velocity variance of cell i due to the

temporal fluctuation. Let o3, where the subscrlpt fl signifies
fluctuation, denote the population average of o7, As defined
in the previous section, let % and o7 denote, respectlvely, the
population average and variance of step size h, and 7, the
population average of #,. Based on Eq. 26, as a zeroth order
of approximation we have

72 2
oﬁzli(1 +ﬁ) L @7)

T2 K
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The cell velocity v obtained from a single measurement is a
random variable. The uncertainty about the velocity arises
from the uncertainty about the cell identity and the uncer-
tainty about the temporal fluctuation

v=1y;+ 7. (28)

Here we use j instead of i as the index of cell to emphasize
that the cell identity is not specified. Note that in Eq. 22, the
cell identity i is assumed to be given and v, is therefore
specified; the only uncertainty about v, is from the temporal
fluctuation ¥;. In contrast, v; in Eq. 28 is a random variable,
and so is the temporal fluctuation ;. Let ( ) indicate an
average over the whole heterogeneous cell population.
Then,

1 N
<v>EX’ 2 @+ 9) =v + (¥, (29)

where Eq. 23 is used.

When the population size N is large, and the motions of
different cells are statistically independent, it is reasonable
to assume

() =0. (30)

Then (v) = v, where v is defined by Eq. 23. Let o2 be the
variance of the cell velocity v given in Eq. 28:

o ={(v-9). @31)
Substituting Eq. 28 into Eq. 31 and using Eq. 30 yields
ol = (v, — V) + () + 2(59). (32)

According to Eq. 24, the first term on the right-hand side of
Eq. 32 is the variance of the time-averaged velocities o2,
due to the heterogeneity among cells. The second term, with
the help of Eq. 30, can be identified as o2, the population
average of o7, signifying the contribution due to temporal
fluctuation. Based on the same conditions used in Eq. 30,
we assume that the last term is zero (this assumption and Eq.
30 are asymptotically true when N — ). Then,

ol=o0% + ol 33)

Inserting Eqs. 24 and 27 into Eq. 33 and multiplying both
sides by At produces

h? o
ol X At= —(1 + _—) + a2 X At. (34
T2 h?

Eq. 34 predicts that when the product of the variance of
measured velocities and the time window At is plotted
against A, the data points should fall around a straight line.
The intercept of the line is a function of the step size # and
waiting time 7,. The slope of the line gives the variance of
the time-averaged cell velocities due to cell heterogeneity.
The mean of the measured cell velocities ¥ can be related
to the molecular level events as given in Eq. 20. Although
Eq. 20 is derived for a stationary ergodic rolling process of
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a homogeneous population of cells, it should be a good
approximation for v when the population size is large
enough, even if the population is heterogeneous.

The spatial distribution of ligands on a substratum surface
is uniform in well-controlled in vitro experiments when
measured on a scale much greater than the cell dimension,
but randomly changes from point to point on a scale com-
parable to or smaller than the cell dimension. The macro-
scopic uniformity of ligand distribution enables the rolling
cells to reach a stationary state, at which the statistics of the
rolling velocities are time independent. On the other hand,
the microscopic variation is experienced by rolling cells as
fluctuations along the surface and thus contributes to the
temporal fluctuation of rolling velocity og. The heteroge-
neity of substrata contributes to o, and cannot be differen-
tiated from the heterogeneity of rolling cells by using Eq.
34.

For in vitro experiments, the heterogeneity of substrata
can be minimized and neglected, and hence o, obtained by
using Eq. 34 is a measure of the heterogeneity among the
rolling cells. For in vivo cell rolling, individual venules may
be quite different from each other; in this case o obtained
by using Eq. 34 reflects the combination of effects due to
the heterogeneity of rolling cells and that of venules. The
effects of other relevant surface properties (such as the
surface geometry) of the substrata on the velocity variance
of rolling cells are similar to those due to the ligand
distribution.

COMPARISON TO EXPERIMENTS

For a homogeneous population of rolling cells, the two
parameters in the stationary velocity distribution Eq. 18 are
directly related to the step size h and waiting time 7, by Eq.
19. These parameters can also be computed from the mean
and variance of the experimentally determined rolling
velocities:

(mean velocity)®?  V?

a = - Y - 3
velocity variance ~ ¢’

(35)
velocity variance o2
" meanvelocity v
Here 02 = o} because o2, = 0 for a homogeneous

population.

The stochastic model predicts that the distribution of the
experimentally determined rolling velocities depends on the
time window At used in calculating velocities. This is ver-
ified by experiments of neutrophils rolling on an E-selectin-
coated surface and/or IL-1B-stimulated human umbilical
vein endothelial cells (HUVECs), which express E-selectin
(data not shown here). Fig. 3 shows the effect of varying Az
on the change of velocity distribution for a given set of data,
i.e., with all the other quantities at the right-hand side of Eq.
19 being fixed. It can be seen that the velocity distribution
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FIGURE 3 Dependency of velocity distribution on the time window Ar.
Continuous curves are theoretical velocity distributions generated by Eqs.
18 and 19, with parameters intrinsic to the rolling process being fixed: & =
0.52 um, 7, = 0.47 s, and a,/h = 0.5, as estimated from data in Fig. 6 for
neutrophils rolling on an E-selectin-coated surface. The dashed line indi-
cates the mean of rolling velocities, which is independent of time win-
dow Ar.

becomes narrower when the time window Ar increases,
indicating the smoothing effect of a large Ar on the temporal
fluctuation of individual cells.

Table 1 lists the results of the use of the present approach
to analyze the experimental data reported by Jones et al.
(1993) on neutrophils rolling on histamine-stimulated HU-
VECs, which express P-selectin. The first four columns are
their reported values of means and variances of the rolling
velocities under various wall shear stresses (using Az = 4 s),
as shown in their table 2. The last two columns show the
corresponding values of a and 8 computed from their data
by using Eq. 35. Fig. 4 shows the theoretical distributions of
the probability densities of the rolling velocity computed
from Eq. 18 by using the « and B values given in Table 1
and the experimental distributions (bar graphs) given by
Jones et al. (1993). The computed distributions agree very
well with the experimentally determined frequency histo-
grams of rolling velocities. Fig. 5 shows the comparison of
the same theoretical and experimental data as presented in
Fig. 4, but they are plotted in terms of the cumulative
frequencies. Assuming that the cell populations are homo-
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geneous and using At = 4 s as in the experiments of Jones
et al. (1993), we can estimate the step sizes and waiting
times by using Eq. 19. The results are 2 ~ 6.1 um and 1, =~
0.92 s for the case of the lowest shear stress and 4 ~ 16 um
and 7, =~ 0.53 s for the case of the highest shear stress, in
which 1 + (oi/h?) has been assumed to be 1.25. Both the
step sizes and waiting times are probably overestimated in
this computation because the heterogeneity of the real pop-
ulation, which would contribute to the spread of the exper-
imentally determined velocities. The effect of the popula-
tion heterogeneity on the above estimation is positively
correlated to the ratio of A#/7,. The tendency of better
agreement between the model and experiment for the cases
of lower wall shear stresses (Fig. 4) supports this analysis,
because the lower the wall shear stress (and hence the mean
rolling velocity), the smaller is the ratio A#/7, for a given A,
i.e., heterogeneity of cells has less effect.

It is difficult to eliminate the effects of the heterogeneity
of a population of real cells. However, our model provides
a practical way to separate the contribution to the velocity
variance of temporal fluctuation from that of the heteroge-
neity among cells by varying the time window At used in
analyzing experimental data. Fig. 6 shows an example. The
data points are of human neutrophils rolling on an E-
selectin-coated polystyrene slide observed in a linear shear
stress flow chamber (Usami et al., 1993) at a location where
the shear stress is 1.2 dyn/cm”. E-selectin-coated polysty-
rene slides were prepared at room temperature by the incu-
bation of 2.5 pg/ml soluble E-selectin overnight, followed
by 1 h of blocking with 1% bovine serum albumin. The
instantaneous positions of 19 rolling cells were determined
from the recorded video images at a rate of 30/s over a
period of 20 s. For every chosen time window At, the 20-s
period was sectioned into equal time intervals At. The cell
velocities were computed by using Eq. 4 from the cell
displacement over every such time interval for every cell.
The mean and variance of the cell velocities were computed
for the chosen time window Az. The mean was found to be
independent of the time window At as it should be accord-
ing to Eq. 20. However, when At increased, the variance of
cell velocities decreased (Fig. 6 A). Eq. 34 predicted that the
product of the velocity variance and the time window At is
linearly dependent on Ar. As shown in Fig. 6 B, when

TABLE 1 Summary of statistics for the velocity distribution of neutrophils rolling on histamine-stimulated HUVECs at various

shear stresses*

Wall shear No. of Mean rolling SD B
stress (dyn/cm?) neutrophils velocity (nm/s) (pm/s) a (nm/s)
0.31 240 6.63 3.55 3.488 1.901
0.62 180 8.81 434 4.121 2.138
1.23 361 12.80 7.02 3.325 3.850
2.47 377 16.32 7.63 4.575 3.567
4.94 294 23.21 9.17 6.406 3.623
7.64 181 29.87 12.1 6.094 4.902

* Experimental data in the first four columns are those reported by Jones et al. (1993). The parameters a and 8 were computed from these data by using

Eq. 35.
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plotted in accordance with Eq. 34, the data points indeed are
close to a straight line. From the slope of the linear regres-
sion of the data points shown in Fig. 6 B, the variance of the
time-averaged velocities is obtained as o2, = 0.12 (um/s)’.
The mean of the rolling velocities was v = 1.1 pum/s. A
quantitative measure of the heterogeneity among the indi-
vidual cells is the coefficient of variation for the time-
averaged velocities: o_/v = 0.31. Ideally, if Ar were large
enough, the temporal fluctuation in rolling velocities would
be averaged out and the variance of rolling velocities o2
would approach the limit o2.. As shown in Fig. 6 A, at At
= 20 s, 02 = 0.15 (um/s)>, which was still 25% greater
than the o2, given above by Eq. 34. In this case, to estimate
a2, directly from the rolling velocities determined experi-
mentally with a large time window At, we would have to use
Ar > 120 s to ensure an error within 5%.

The intercept of the linear regression was 0.72 um?/s
(Fig. 6 B). From this and the mean of the rolling velocities,
and with the use of Eqs. 20 and 34, we find & = 0.65
pum X (1 + ok Pand 1, = 059 s X (1 + o/h®) ™.
Assuming that o,/ (the coefficient of variation for the step
size h) was 0.5, we obtained an estimation of the mean of
the step size # = 0.52 um, and the mean of the time
intervals between successive jumps (the waiting-time) 7, =
047 s.
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0.00 Ftlrhi e e 3
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FIGURE 4 Comparison between the theoretical distribution computed
using Eq. 18 (continuous curves) and the experimental data (bar graphs) on
neutrophil rolling on histamine-stimulated HUVECs (which present P-
selectins) at various wall shear stresses. The velocity histograms are
reproduced from Fig. 8 of Jones et al. (1993). The curves are theoretical
distributions with means and variances set equal to those of the experi-
mental data as listed in Table 1. The deviations of the theoretical and
experimental distributions at high wall shear stresses reflect the influence
of the population heterogeneity, as discussed in the text.
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DISCUSSION

The above analysis constitutes a mathematical model for the
stochastic motion of leukocytes rolling in a shear flow. The
model gives the stationary distribution of rolling velocities
in analytical form for a homogeneous population of leuko-
cytes. Furthermore, it allows the separation of contributions
from temporal fluctuation in rolling velocities and from
population heterogeneity among cells to the variance of
experimentally determined rolling velocities. The mean of
the rolling velocities and the velocity variance due to tem-
poral fluctuation are related to the quantities characterizing
the distribution and the release rate of the clusters of mo-
lecular bonds as given in Eqgs. 20 and 21.

The rolling velocity in our model is defined as the mov-
ing average of the instantaneous velocities over a time
window At. There are two reasons for doing this. First, this
is consistent with the experimental method used to deter-
mine the velocities of rolling cells. The time window used
in an experiment is usually much greater than the waiting
time 7,. Therefore, the measured velocities cannot be con-
sidered as instantaneous velocities. Our model predicts that
the distribution of rolling velocities obtained from experi-
mental measurements will be influenced by the choice of At
(Fig. 3). Only when a consistent time window is used both
in experiment and in modeling, can a theoretical distribu-
tion, e.g., the one given here or that generated by computer
simulation (Hammer and Apte, 1992), be directly compared
to a velocity distribution determined experimentally. This is
also pertinent when comparing the variances of rolling
velocities given by the mathematical model to those deter-
mined experimentally, or when comparing the distributions
or variances of rolling velocities acquired under different
experimental conditions. Hence, any data on rolling veloc-
ities should explicitly include the time window At used in
computing the velocities from the raw experimental data.
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c
[}
3
o
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Tw B
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FIGURE 5 Comparison between theoretical (curves) and experimental
(points) distributions in Fig. 4 expressed in terms of cumulative frequen-
cies. 7,, is wall shear stress; a and B are model parameters in the theoretical
distribution (Eq. 18).
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FIGURE 6 Comparison between the model prediction (Eq. 34) and
experimental data on neutrophil rolling on E-selectin-coated surface at a
wall shear stress of 1.2 dyn/cm>. All points are computed from the same set
of raw data on the positions of 19 rolling cells over a 20-s period. The
different data points were obtained by using different time windows At in
computing the moving-average velocity as defined in Eq. 4. The ensemble
average velocity is 1.1 dyn/cm?, which is independent of Ar. (A) The
velocity variance is a decreasing function of increasing time window At.
The variance approaches a nonzero limit for large Az, reflecting the
heterogeneity among cells. (B) linear regression of the data replotted in
coordinates suggested by Eq. 34. The nonzero intercept is a result of
temporal fluctuation of the leukocyte motion. The average values of step
size and waiting time can be estimated from the intercept and the average
velocity to be, respectively, # = 0.52 um and 7, = 0.47 s, with the
assumption that the coefficient of variation for the step size ay,/h is 0.5. The
slope is the variance of the long-term time averages of the rolling velocities
of individual cells. It is a measure of cell heterogeneity.

The second reason for introducing the moving-average
velocity is to ensure that the velocity under consideration is
smooth enough to be modeled as a diffusion process in a
Fokker-Planck type approach to studying the temporal fluc-
tuation of the rolling motion. This approach is appropriate
when the displacement of a rolling cell is approximately a
stepwise function of time, as discussed above. The instan-
taneous rolling velocity of the cell is then a series of sharp
peaks of random heights on the order of 4/7, and width ,,
occurring successively at random time intervals on the order
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of 7,, where 7, << T, because of the fact that rolling
velocity is much smaller than the velocity of a nonadherent
cell freely moving immediately adjacent to the substratum
surface. The extent of the smoothing of the instantaneous
rolling velocities by the use of the moving average is
determined by the dimensionless ratio At/7,. The larger is
this ratio, the smoother is the rolling velocity. To ensure that
the rolling velocity is smooth enough to be approximated as
a diffusion process requires A#/7, to be large enough, which
is usually satisfied in experiments, as mentioned previously.
When this ratio approaches infinity, the temporal fluctua-
tions in rolling velocities are completely smoothed out, and
consequently the variability of the measured rolling veloc-
ities is then purely a reflection of the population heteroge-
neity of the cells, which can be characterized by 2, defined
in Eq. 24.

As a verification of the model, we compared the theoret-
ical distribution of Eq. 18 to the velocity histograms of
neutrophils rolling on histamine-stimulated endothelial cells
at various wall shear stresses (Jones et al., 1993), as shown
in Figs. 4 and 5. The parameters in the theoretical distribu-
tion are determined by equating its mean and variance to
that of experimental velocities. Note that the theoretical
distribution of Eq. 18 is derived for the stationary rolling
motion of a homogeneous population of cells. In the exper-
iments of Jones et al. (1993), “neutrophils that remain
stationary for the 4 s of acquisition (typically approximately
5%) are excluded, since this population of neutrophils may
be activated and may be utilizing different binding mecha-
nisms.” This greatly reduces the heterogeneity of the pop-
ulation of the rolling cells by removing the apparent out-
liers. “Also, neutrophils that either begin rolling on the
endothelium or reenter the free stream during the acquisi-
tion period are excluded.” Thus, the rolling motion of the
remaining cells can be considered to be stationary. Hence,
both homogeneity and stationarity are approximately satis-
fied. Indeed, Figs. 4 and 5 show excellent agreement be-
tween the theoretical distribution obtained by using Eq. 18
and the histograms of experimental rolling velocities.

As discussed in the previous section, Figs. 4 and 5 also
show some influence of the population heterogeneity on the
histograms of measured rolling velocities according to the
explanation provided by our model. The influence of the
population heterogeneity can also be seen by comparing the
kurtosis computed from the experimental data to the kurto-
sis expected from the distribution of Eq. 18. Kurtosis is a
dimensionless number that measures the peakedness or flat-
ness of a distribution relative to the normal distribution. In
table 2 of Jones et al. (1993), kurtosis is negative except in
one of the six cases, indicating that the distribution of
rolling velocities for the real cells is flatter than a normal
distribution. The kurtosis of the theoretical distribution (Eq.
18) is always positive. This discrepancy in kurtosis may be
explained by the heterogeneity of the cell population. In
other words, it is an indication that the data are “contami-
nated” by population heterogeneity among the cells. We
expect that the distribution of the long-term time averages
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of rolling velocities (i.e., the distribution of v; in Eq. 28,
which reflects the heterogeneity of the cell population) is
quite flat, and therefore its kurtosis is negative. The “con-
tamination” of an otherwise more peaked distribution by the
flatly distributed v; due to heterogeneity smears the peak,
resulting in a negative kurtosis for the overall distribution of
measured velocities. It should be kept in mind that the
kurtosis is a fourth moment of the velocity distribution.
When estimated from a sample of a finite size, its numerical
value is far less reliable than the estimates of lower mo-
ments such as the mean and variance. Hence, the discussion
here is only qualitative in regard to how the kurtosis reflects
the influence of heterogeneity on velocity distribution.

To completely circumvent the effects of heterogeneity of
a cell population on rolling velocity distribution is essen-
tially impossible in experiments. Overestimations of the
step size and waiting time would occur if the influence of
the population heterogeneity on the velocity variability is
not isolated and removed before using Eqs. 20 and 21. The
velocity variability due to population heterogeneity itself
may be of interest, because it may help us to obtain useful
knowledge such as the distribution of adhesion receptor
numbers or age among the cells. Our model provides a
practical method of accomplishing this isolation, as exem-
plified in the previous section by using data on neutrophils
rolling on an E-selectin-coated surface. Again, the agree-
ment between the model prediction (Eq. 34) and available
experimental data is quite satisfactory, as shown in Fig. 6.
The waiting time 7, (i.e., the average arrest duration) in this
case is estimated to be 0.47 s, which is positively correlated
to the lifetime of the stressed molecular bonds at the rear-
most microvillus tip. A comparison of this waiting time to
the median duration of cell arrests (2.43 s) obtained by
Kaplanski et al. (1993) for neutrophils moving over E-
selectin-expressing HUVECsS in a flow of extremely small
shear rate is of interest from a molecular level viewpoint. In
their experiments, the cells are believed to be arrested most
often by one bond; and the fluid force imparted to a cell is
much weaker than the mechanical strength of a standard
receptor-ligand bond (Kaplanski et al., 1993). This weak
stress applied to the bond makes the lifetime of the bond
about 1 million times shorter than the lifetime expected for
a stress-free bond (Kaplanski et al., 1993). In our case, the
fluid drag on the cell is about 23 times higher than in
Kaplanski’s data. Although there may be more than one
bond involved in the rolling adhesion, the stress on an
individual bond at the rearmost microvillus in our case is
most likely higher than in their case. The average lifetime of
a stressed bond in our case (<7, ~ 0.5 s) is shorter than in
Kaplanski’s cases but still is of the same order of magni-
tude. The suggestion of this comparison is that the lifetime
of E-selectin bonds decreases catastrophically when they
are stretched by a weak force, and that the lifetime of the
bond reaches a plateau with respect to the applied stress
before the stress approaches a critical value that will me-
chanically rupture the bond immediately.
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The dependence of the lifetime (or the apparent dissoci-
ation rate) of E-selectin bonds on the applied force provides
a basis for analysis of the mechanics of cell rolling. For
individual bonds, the transition from the steep dependence
of the bond lifetime on the applied force to the much slower
second phase could be very sharp. The waiting time ¢, is
influenced by the number of bonds in the rearmost clusters.
Presence of multiple bonds and the randomness of the bond
number in the rearmost clusters blurs the transition of 7, as
a function of fluid force from the fast phase to the slow
phase. In any case, as the fluid shear stress increases, the
mean rolling velocity of cells increases relatively rapidly at
the beginning and then becomes flatter at larger fluid shear
stress. This behavior of mean velocity as a function of
applied fluid shear stress has been observed for both P-
selectin- and E-selectin-mediated cell rolling at various sur-
face densities of selectins on substratum (Lawrence and
Springer, 1991, 1993; Jones et al., 1993).

The surface density of ligands on the substratum affects
the rolling velocity of given cells by influencing both the
step size 4 and the waiting time 7,. Lowering the ligand
surface density decreases the chance of the receptors at
microvillus tips to react with the ligands and make bonds.
For a microvillus possessing very few receptors, the prob-
ability of no bond formation increases. This increases the
mean step size . Meanwhile, for the microvilli making
bonds, the average number of bonds per microvillus de-
creases. This increases the force on individual bonds in the
rearmost clusters. Both the increasing force on individual
bonds and the decreasing number of bonds accelerate the
release rate of the rearmost bond cluster and thus shorten the
average waiting time 7,. According to Egs. 20 and 21, the
theory predicts that larger / and smaller 7, will increase
both the mean and the variance of the rolling velocity.

At very low surface density of ligands on the substratum,
the chance for receptors on a microvillus tip to meet a ligand
on the substratum surface may decrease to a level such that
the probability of having more than one cluster of bonds is
practically zero. Then it is likely that only one cluster (most
probably consisting of a single bond) exists throughout the
stationary period. The release of this bond cluster then frees
the cell completely and the cell moves at its free-streaming
velocity until the formation of new bonds. During the free-
streaming period, the motion of a spherical cell is a com-
bination of rolling and sliding (Goldman et al., 1967). What
occurs is no longer cell rolling. Experimentally, one ob-
serves cells moving at free-streaming velocity with occa-
sional arrests. Because of the small chance of bringing the
receptor and ligand together for a reaction, the nonzero
velocity period (¢, in Fig. 2) may last for a long time and the
condition 7, << 7, may not be satisfied. Hence, the present
form of the theory may not be applicable to this case.

The effect of applied stress on the lifetime (or the disso-
ciation rate) of receptor-ligand bonds has been a focus of
interest in recent discussions of cell adhesion. Although
novel experimental methods have been developed recently
to determine the force needed to rapidly rupture an individ-
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ual receptor-ligand bond (Tha et al., 1986; Evans et al.,
1991; Leckband et al., 1992; Florin et al., 1994; Moy et al.,
1994), direct measurement of the relationship of bond life-
time to stress on individual bonds is still missing. In previ-
ous models of cell adhesion (Bell, 1978; Dembo et al., 1988;
Hammer and Apte, 1992; Tézeren and Ley, 1992), a func-
tional form of this relationship is assumed. Then the values
of the parameters, or their ranges, are searched by compar-
ing the mean cellular velocity generated by the models to
experimental data. The model presented here points to a
much more direct and definite way of determining the
lifetime-stress relationship of cells rolling in their in vivo
environment by providing a simple method of estimating
the waiting time 7, from the data of cell rolling. To com-
plete this computation it is necessary to have data on how,
in a statistical sense, the fluid force distributes over the
individual molecular bonds. This issue is the focus of our
future investigations.
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